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Abstract

We would like present a method to compute the incompatibility operator in any system
of curvilinear coordinates (components). The procedure is independent of the metric in
the sense that the expression can be obtained by means of the basis vectors only, which
are first defined as normal or tangent to the domain boundary and then extended to the
whole domain. It is an intrinsic method to some extent, since the chosen curvilinear
system depends solely on the geometry of the domain boundary. As an application, the
in extenso expression of incompatibility in a spherical system is given.
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1. Introduction

Let us consider a smooth body Q c R3. The incompatibility, denoted as inc, is a
well-known operator in elasticity, since as applied to the linearized strain tensor &, it
determines whether the strain is derived from a displacement field. Specifically, let the
elastic strain be obtained by a constitutive law from the stress tensor o, i.e., £ = Co,
with C the compliance fourth-rank tensor, then inc & = 0 if and only if & = VSu for
some displacement field u. If on the contrary it does not vanish, then Kroner’s works
[11] tell us that dislocations are present, preventing the existence of a well-defined
displacement field defined in the whole body. In general a dislocation is a three-
dimensional line singularity for the strain field, reducing to a straight line in some
simplified cases where a two-dimensional (2D) treatment is sufficient, cf., e.g., [19]).
Specifically, Kroner’s relation reads

Curl k = inc g, (1.1)
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where the contortion tensor k is related to the tensor-valued dislocation density A
by k=A - % tr All,. At the mesoscopic scale the dislocation density reads A = Ay =
T™® b?‘(tl_,:, where (HLIL stands for the one-dimensional Hausdorff measure concentrated
in the dislocation loop L. At the mesoscale, Kroner’s relation also holds, as proved
in [16, 17]. At the macro (or continuous) scale (which is the scale considered in the
present work), A is a smooth tensor obtained from its mesoscopic counterpart by some
regularization. The fact that at the mesoscale dislocations are closed loops or end at the
boundary implies that div A’ =0. However div k' # 0 except in particular cases, for
instance if one considers pure edge dislocation loops in 3D, i.e., satisfying tr A =0,
and therefore the knowledge of the right-hand side of (1.1) is in general not sufficient
to uniquely determine the field k. Note that in this case, The Frank tensor Curl' &
and the dislocation density are univoquely related, since (1.1) reduces to Curl' & =«
in Q with & X N =0 on 9Q, by virtue of (1.4) and a uniqueness result as proved in [15].

Being a symmetric tensor, the elastic strain satisfies Beltrami decomposition [13],

e=Vu+&° (1.2)
with u a vector field and where &° = inc F represents in a Cartesian system the
incompatible part of the strain, for some symmetric and solenoidal second-rank tensor
F. Thus, the field F, related to the presence of dislocations satisfies by (1.1) and (1.2)
an equation of the following form:

inc inc F = inc (inc F) = Curl «, (1.3)

where inc inc stands for twice the application of the inc operator. Eq. (1.3) is proven
in [1] to be well posed (with appropriate boundary conditions on F and Curl® F x N),
provided the dislocation density is given (here we assume that  is known, for instance
by solving a transport-reaction-diffusion equation, as done for point-defects in [18]).

The incompatibility operator on second-rank tensors is classically defined as
inc T := Curl Curl' T, (1.4)

meaning (in a Cartesian system) that the curl is taken over the rows and the columns of
a second-rank tensor T, consecutively. In the present work, our concern is to compute
the incompatibility in a subset of Q, say an inclusion, whose shape might be arbitrary,
or solution of a geometric optimization problem. For this reason, there is a need to
express incompatibility in curvilinear systems, chosen to fit the inclusion geometry.

In a general curvilinear system, the same definition (1.4) holds, but care must be
taken, since the covariant derivatives do not commute in general because the basis
vectors depend on the position, and hence must also be differentiated in (1.4). We will
write the general second-rank tensor as T in the Cartesian basis as T = TSARTe[ e/,
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and in the curvilinear basis as T = TSURVgi ® g/. As explained in [1], the basis

{g'}i = (N, 8} for R= A, B, where X are tangent to the boundary, and N is its unit
outwards normal, is first defined on the domain boundary dQ and then extended
to Q, where its differentials can be computed. This latter operation gives rise to
five numbers: X, the two surface curvatures, y¥, the two divergences of 7%, and &,
the deviation with respect to the principal directions. From these five numbers, the
Christoffel symbols [7] can be found and hence the covariant derivatives, thus the
expression of the curvilinear curl, and eventually of the incompatibility. An important
preliminary step is to express the differentials of the basis vectors in terms of k%, y¥, £,
which is given in Theorem 3.2 whose proof can be found in [1]. The curvilinear
coordinates are simply the abscissae of the curves with tangent vector 7, and the
radial coordinate r associated to N.

Expressions of the incompatibility in a general curvilinear system are rarely found
in extenso in the literature. Let us mention L. E. Malvern’s textbook [14], where
an expression can be found in Appendix II, expressed in terms of the metric factors
h; defining the intrinsic metric. Our approach can be considered as an metric-free
alternative to Malvern approach, and we base our method on the sole geometry of
the domain boundary and on the natural orthogonal basis that we may define on
it. In Section 5, we apply our method to the spherical system, and provide explict
expressions of all six components of inc 7.

Applications of this method can be found in dislocation modelling, where the
incompatibility in an inclusion is to be found, in order to determine its dislocation
content, and design an optimization method where inclusions are inserted as to obtain
a maximal increase (or decrease) of certain functionals.

1.1. Notations and conventions Let Q be a bounded domain of R® with smooth
boundary Q2. By smooth we mean C*, but this assumption could be considerably
weakened. Curl, incompatibility and cross product with 2nd order tensors are defined
componentwise as follows with the summation convention on repeated indices. Here,
E represents second-rand rank tensors, N is a unit vector, and € is the Levi-Civita third
rank (pseudo-)tensor [7]. we have:

(Curl E)ij = (VX E)ij = EjkmakE,'m,
( inc E)ij = ( Curl Curlt E)ij = 6ikmejlnakalEmn
EXNy; = ~(NXE);=—€uNEin.

Note that the transpose of Curl E will be denoted by Curl' E. Moreover, the tensorial
product of two vectors va and b will be denoted by a ® b, while a © b = %(a ®b+b®
a).

2. Some motivations

In this section, we provide two examples of models in which the incompatibility
plays a crucial role and must be expressed in a curvilinear system.
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2.1. The incompatibility operator in linearized elasticity with dislocations The
strain energy density in small-strain elasticity and for an isotropic material reads

1
We(e) = EAS - &, 2.1
where g is the linearized elastic strain tensor. The stress tensor is classically defined as

o= avze = Ag. Furthermore, by the symmetry property of &, Beltrami decomposition
(1.2) holds. The potential energy is defined as

Wie) = f We(e)—f-u—-G-F)dx, (2.2)
Q

which, in the absence of dislocations, i.e., as F =0, yields by minimization the
standard Equilibrium equation,

~ div (As) = —div (AV'u) = £, 2.3)

with f the body force and u the displacement field, and VS u := %(Vu + Vu).
Now, in the general case where dislocation lines are present, the minimization
problem writes as

min W(e) = mi_n W(e). 2.4)

&=Vsu+inc F

Letting @ and F be variations in appropriate function spaces with vanishing boundary
conditions, Euler-Lagrange equations read

<5W(8)’ﬁ>=f(o-.v5a_f-ﬁ)dx = 0,
Q

ou
oW(e)
oF

( ,F}zf(a-incﬁ—@-ﬁ')dx = 0, 2.5)
Q

providing after some easy integration by parts, the strong forms

{ —dive = f,

incc = @G,

which appear clearly as a generalization of (2.3). Recalling (1.2), the complete
problem consists in solving the coupled problem with unknowns u and F:

—div (AVSu) = f+ div (Ainc F), 26
inc (AincF) = G- inc (AVSu). ‘
Material isotropy yields A = uly + Al, ® I, and hence (2.8) rewrites as
: s _ : 0
—. div (AV u) = f+ .le (/1 tr.s ]Iz), @)
inc (AincF) = G- inc (Adivuly).
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Note that the decoupled problem is found as soon as either A = 0, or incompressibility
is assumed, i.e., tre= tr & = divu = 0, and reads

— div (AVSu)
inc (A inc F )

o
0~

where the special form of A due to incompressibility can be found in [10].
It seems usefull to have an expression of incompatibility in curvilinear
coordinates/components systems according to the geometry of Q.

2.2. Dislocation-induced dissipation Let us define the system specific Helmholtz
free energy density [9] as

Y= W,.(&) + Wgisio( Curl k), 2.8)

whose elastic part is simply the strain energy of previous section, and whose defect
part is assumed to depend on a unique internal variable, namely the curl of the
contortion tensor k. Therefore, the free energy W is partially of second-order in the
sense that the defect internal variable appears in the form of its derivatives (here its
curl). For simplicity, let us assume a quadratic law in the higher-order terms, viz.,
Wiisio( Curl k) = %M Curl k- Curl «, with M a positive-definite fourth-rank tensor. By
Kroner’s relation (1.1), the energy of an inclusion w C € reads

1
Waisto := f FMiine &+ inc &%x. (2.9)

Therefore, minimizing this energy will again lead one to evaluate or express the
incompatibility in local basis appropriate to the geometry of w.

Note that a full second-order energy density would read for instance ¥ :=
W, (&) + W,(Curl' &, div &) + Waisio(k, Curl &, div &) + Weigio(£%), where Curl' & is
recognized as the Frank tensor, i.e. the gradient of the rotation field, as introduced
in [19].

3. Extension and differentiation of the normal and tangent vectors to a surface

The aim here is to construct a curvilinear basis on the boundary which should be
smooth and also orthonormal, starting from the vector Ny normal to the boundary and
defining two tangent vectors perpendicular to Nyqo. This basis is then extended to the
whole body. The natural moving frame sought is close in spirit to the Darboux frame of
surfaces [5, 12, 8], though in principle the latter may only be defined at non-umbilical
points. As a matter of fact, in order to achieve a certain level of generality, we will
not consider principal lines of curvature with their associated principal curvatures, and
hence the gradient of the normal vector will be given by a symmetric matrix with
possibly non-zero extradiagonal components. Detail on this section, and in particular,
the proofs, can be found in [1].
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3.1. Signed distance function and extended unit normal We denote by Ny the
outward unit normal to dQ, and by b the signed distance to 9Q, i.e.,

b(x) = dist(x, 0Q) if x ¢ Q,
T | —dist(x, 0Q) if x € Q.

We recall the following results ([6], Chap. 5, Thms 3.1 and 4.3).

TueoreM 3.1. There exists an open neighborhood W of 0Q such that the following
conditions hold:

1. b is smooth in W;

2. every x € W admits a unique projection paqa(x) onto 0€);
3. this projection satisfies paa(x) = x — %Vbz(x), xeW;

4. Vb(x) = N()Q(pgg(x)), xeW.

In particular, this latter property shows that Vb(x) = Ny (x) for all x € 0Q and |Vb(x)| =
1 for all x € W. Therefore, we define the extended unit normal by

N(x) := Vb(x) = Nya(poa(x)), xeW. (3.1

3.2. Tangent vectors on 9Q For all x € 9Q, we denote by Tsq(x) the tangent plane
to 0Q at x, that is, the orthogonal complement of Nga(x). As 0Q is smooth, there
exists a covering of dQ by open balls By, ..., By; of R? such that, for each index
k, two smooth vector fields T‘SQ, ng can be constructed on 0Q N B, where, for all
X € 0Q N By, (T5(x), ng(x)) is an orthonormal basis of Tyo(x). In all the sequel, the
index k will be implicitly considered as fixed and the restriction to B will be omitted.
In fact, for our needs, global properties and constructions will be easily obtained from
local ones through a partition of unity subordinate to the covering.

Using that the Jacobian matrix DN(x)= D?b(x) of N(x) is symmetric,
differentiating the equality |N(x)|> = 1 entails

OnN(x) = DN(x)N(x) =0, xeW. (3.2)

In other words, N(x) is an eigenvector of DN(x) for the eigenvalue 0. For all x € 0Q,
the system (74, (x), 75, (x), Naa(x)) is an orthonormal basis of R*. In this basis, DN(x)
takes the form

Ko (X)  En(x) 0
DN(x) = |&a(x) «5,(x) 0], X€oQ, (3.3)
0 0 0
where &, 5, and £ are smooth scalar fields defined on 9Q.

If Re{A, B}, we denote by R* the complementary index of R, that is, R* = B if
R=AandR"=AifR=B.
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3.3. Extended tangent vectors in Q and their curvilinear differentials Let d

be defined in W by d = (1 +b KQQ o pag) (1 +b KgQ ° paQ) — (b &yq 0 pa)*. Possibly
adjusting W so that d(x) > O for all x € W, we define in W, and for R = A, B,

=1l o psn, KK =d7 ((1+b g 0 pa)Khy © pan) = b (a0 pa)’),  (34)

E=d'&a0 poa. k=K' +i°, Y= divt®. (3.5)

Obviously, for each x € W, the triple (TA()C), 8(x), N (x)) forms an orthonormal basis

of R3. Next, we compute the normal and tangential derivatives of these vectors. We
denote the tangential derivative 8.« by dx for simplicity, i.e., dgu := Dut®, where Du
stands for the differential of u, and dgu its value in the direction <.

TueoreMm 3.2 ([1]). The following holds in W:

TR = 0.0kN = F78 4 28 Gt = BN = K R fpa = yf2R _gN,
div N = trDN=Ab=«. (3.6)

Cororrary 3.3 ([1]). If f is twice differentiable in Q it holds

ORONf = ONOR[ + K"ORf + E0p- f. (3.7
4. Differential geometry on the boundary with curvinormal basis
At each point x € 9Q the curvilinear basis gi(x))i:A oy = (70, T8 (x), Noa(x))

is orthonormal and differentiable by Theorem 3.2. Therefore it will be called
curvinormal. Remark that indices P, Q, R will stand for A or B, and denote one of
the two orthogonal tangent vectors on the boundary, whereas index N will always be
associated to the normal Nyo. Let N be the extension of Nsq in a neighbourhood of
0Q. In some sense, the chosen curvilinear basis is a generalization to general surfaces
of the spherical or cylindrical bases. We recall that 9; means the differential in the
direction g'. Let u be a scalar. Then, 0ju = dgu = - Vu = Dut® for R=A, B, or
Oyu= N -Vu=DuN fori=N, with V = ei(')x[ the Cartesian gradient operator, where
e' stands for the ith Cartesian basis vector. For instance, in spherical coordinates,
the gradient Vu = d,ug” + %8¢ug¢ + rsi1n¢(93ug9 and hence 04 = ;aq, and dg = @69.
Recall that partial curvilinear derivatives do not commute, as shown in Corollary 3.3.

4.1. Christoffel symbols and Riemannian curvature A general vector field will be
written as v = v;g' with v; its covariant components. Moreover, the extrinsic metric
is Euclidean, since g/ := g'- g/ = 6". Let g; := 5;;¢’ be the dual of the basis vector,
where g;; = 6;; is the inverse of g/ = 6. The second Christoffel symbol I' is defined
as the linear operator [4]

0,8’ =-Tlg' 4.1)

In other words, l"f] :=—g;i-0;g" =gP-0,g:. Note also that since Q is embedded in a
Euclidean space, one has d;g; = 60 jgk.



Connection. As a consequence, for vector v it holds
Oy =0;(vigh) = @i —Tlv,)g = vig, (4.2)
where the covariant derivative of the covariant component of v reads
vijj = 0vi =T}y, (4.3)
Thus, for vector v = v;g" = ¥/, one has (V»),,, = 8y, v, and hence
gradv := (Vv),,e" ® " = v,-”jgi ®g = 0y ® g’ 4.4)
Accordingly, the curl of a vector v in the curvinormal basis writes as

Curl v := ( Curl v);g* = Ekijv[”jgk. 4.5)

Curvilinear coordinates. Let g € w® be the curvilinear coordinate associated to
. b .

g% in the sense that g = %Rx, with Gg := ||,,x|l, and where x stands for the

position vector of a point. Otherwise said, gg is the curvilinear abcissa of the

curve with tangent vector 7X. In general one has

ox;
O = a_xax," = ngRax,-' =Grog - . (4.6)
qr

Hence the gradient of scalar u reads (no summation on the underlined indice)
i1 i
gradu = Ojug' = —0,ug', 4.7
Gi
and of vector v = v; g’ as

. 1 .
gradv=0y® g’ = a(’)q‘/.v ®g. (4.8)
J

We call the curvilinear expression of the gradient the operator VEURV(.):=
h;d,,(-)g’ with hj:= &, the jth metric factor. Remark that the d derivatives
do not commute, contr/arily to d,,, because of the factors Gg. As an example,
consider the spherical base system, where Gy =G, =1,G4 =G4 = % Gp =
Gy = ——, and g4 = ¢ (polar angle), g3 = # (azimuthal angle); it holds,

rsing’

1
2—.89’
r=sin ¢

1
Psingtang

1
(aAar - araA) = ﬁaqﬁs (6Bar - 6r63) = (49)

(0pOa — 040p) = (4.10)
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Christoffel symbols in the curvinormal basis. By Theorem 3.2, it is easily deduced
by identification with (4.1) that the only nonvanishing components of I“Z. read
(with no sum on repeated indices)

Thpe ==& Thp= =5 Thg =& T =7F, TRg =&, T == (@4.11)

Moreover, it is observed that Fl‘.’ . 1S not symmetric, i.e., l"f:. * Ff}. Therefore, the
torsion is nonvanishing (this is due to the fact that the moving curvinormal frame
is non-holonomic, whereas the connection is obvisouly symmetric), and reads

pP._TP _ TP
Tl.j. = Fl./. l"jl..

In the curvinormal basis, it is easily computed that the only nonvanishing
components of Ti’; are

TS = KR(S,N(SJ-R + é:éiNéjR* + ('yR* — yR)éiR*(SjR-
Note that the Riemann curvature tensor is defined as [7]

Rlemuk = 8kl"q 0; l"q + l"l”] FZk - F{;{F;’U (4.12)

Spherical system. As an example, in a spherical coordinates/components

system(here, ¢ denotes the polar, and 6 the azimuthal coordinate, respectively),
itholds i, j € {¢, 0}, kR =1, = ¥’ =0, and hence

tan ¢’
0 0 0 01 0 o0 !
=0 -+ o [(r9=00 0 [ TI{=|0 0 5y |&4I13)
1
0 0 -1 00 - 00 0
Hence, the torsion reads
0o 1o 0o 0 n
0,Ti=| -1 0 0|, 1¢ 0 0 s (4.14)
1
0 0O —r Trang
Accordingly, the covariant derivative expression reads
1 v v
a’V’ ?aﬁbv” - 7¢ rsmq)aevr - TH
(vi”j)ij = arvqﬁ ;af]ﬁvfﬁ + % rsm¢60v¢ - rtafl(g (415)
6rv9 76¢V9 rsm¢agv9+ ’+rtdn¢ ij

Hence the curl of a vector v, ( Curl v); := € vy, writes by (4.5) and (4.15) as

1

rtan¢v9 + 8¢V9 r51n¢60v¢

g 06vr = Vo = 0,vg . (4.16)
7V¢ + arV¢ - ;(’3¢vr

(Curlv),; =

i
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4.2. Commutation operator in the curvinormal basis The covariant components
of a second-rank tensor T reads [7]

Tijw =Ty —Th T — r’jkTﬂ. (4.17)
Let T;; = v;;. Then by (4.17) one has v jx := (u;;)jx and hence

vig = Ovng — Chvny + Tovg' = 0k (viijg') + va T’ = Chovns + v g’

A (vaij&') = Tvaug',
where (4.3) and a change of dumb indices have been used. Therefore,
(@) = (viyje + Thvay) & (4.18)
In particular,
Vi = Vi = (00; = A9y - &' = Tyvi, (4.19)
that following [7] can be rewritten by means of the Riemann curvature as
Viljk — Vijkj = Riemjgjvg — T]l.kv,-”;. (4.20)
Remark that in spherical coordinates and by (4.14), (4.9) and (4.10), Eq. (4.19) yields
Vilrg = Villsr = Vilre = Viller = Vilag — Vigs = 0, (4.21)

(with a slight abuse of notations, since g is used as covariant differentiation indice
in (4.21), instead of R as it should be according to (4.9) and (4.10)). Therefore,
the second covariant derivatives commute in spherical coordinates/components. In
particular, one has ;v x = €x(vy;)ix = 0 in spherical coordinates/components. Note
that the identity Curl Vi =0 is immediate if u is a smooth scalar-valued function,
whereas its vector counterpart Curl Vv reads

Curl Vv = Curl (V)**e' @ /) = Curl (V0){NVg' ® g/} ,
that is, in the Cartesian system,
Curl ((Vv)g-ARTei ® ej) = —eljk(vi,j),ke" ®e =0,

by Schwarz lemma. However, in a general curvilinear system, one has
Curl (V)" g’ ® g/) = VIRV (W) (URY x g @ g/ + (W) TRV Cur VRV (g @ /) = 0
and hence

VERY W)Y x (g @ g) = i ikg' @ enjg' = —(In)i "R Curl N (gl @ g/)(4.22)
Remark that in the spherical system, the first term on the RHS of (4.22) vanishes by
(4.21).

Summarizing, Eq. (4.22) shows that the non-commutation operator in the RHS of
(4.20) is related in the curvilinear system to the curl of the basis diads. This fact will
appear crucial in the calculations of the following sections.
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4.3. Expression of the incompatibility in the curvinormal basis Now, the
incompatibility operator on a second-rank tensor 7 is defined as:

inc T := Curl Curl' T, (4.23)

(for some authors, e.g. L. E. Malvern [14] the incompatibility is defined with a minus
sign) which in a Cartesian system is equivalent to writing componentwise

incT = e,-kmeﬂ,,ékalene’ ®e’.

In a general curvilinear system, Eq. (4.23) shows that it suffices to express the curl of
a tensor and apply twice the curl operator. In fact, (4.23) rewrites as

inc T = Curl (Curlt (TSARTei ®e )) = Curl (Curlt (TCURVg ®g ))
with
Curl (Ti(;URVgi ® g) VCURVTCURV % g ® g + TCURVCUrICURV(g ® g]) (4 24)

Remark that, as compared with the Cartesian system case, the second term in the RHS
is nonvanishing and requires to compute the curl of the basis diads. Summarizing, one
has

Curl' (TE"™g' @ g/) =S Vg' @ ¢/, (4.25)

for some components obtained by rearranging (4.24). Hence, the
incompatibility in the curvilinear system writes as

CURV
s¢

iﬂC T — VCURVSS-URV % (gl ® g/) + SS-URVCUI'ICURV(gi ® g])
yCURV SiCjURV % ( gi ® gj) + S;Z]_URV ((VCURV g) % g + g ® CurlCURV )
n;g ®g. (4.26)

Obviously, n;; is symmetric as soon as T is, by the symmetry property of its
Cartesian counterpart €, €;1,0r0;T,. Moreover, its explicit expression only requires
to determine the gradient of scalar S SURV in the curvilinear system, which is expressed
by means of the tangent vectors as

VCURVSiCjURV — DSSURV(X)[gl]gl — (gl . VSl-CjURV) gl

(see also Eq. (4.7)), together with the curvilinear differentials of the basis tensors to be
found in Section 3.3 (by means of Eq. (4.1), (4.3) and (4.5)), and expressed by means
of k%, ¥R and &, which are intrinsic numbers of the boundary as related to the choice of
the basis. Note that we used the identity

Curla®b=Vaxb+a® Curl b. 4.27)
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5. Incompatibility in the spherical system

Recall that ¢ and 8 are, respectively, polar and azimuthal angles. Moreover x = rg’,
with r the radius. The spherical system consists of the triad {g", g%, ge}, with according
to our conventions, N = g", 8 = g% and 78 = g%, the latter two being tangent to the
sphere with radius r and normal g".

We consider a symmetric tensor

T=T,8 08 +Tpg"®g’ +Tug"®g" +2T,4g" © 8" +2T,yg" © g’ + 2Tyg’ © g°.(5.1)

5.1. Curl of the diads By virtue of (4.15) and (4.16), and recalling (4.27), let us first
compute the curl of the base diads.

1
Curl (g'®g") —;(g"’ ®g’-g'®g"),

1
Curl (g’®g¢) = ;(gr®g9_g9®gr)’
r 6 1 r ¢ ¢ r 1 r r
Cul (g'®g") = -—(¢'®g’~¢ ©g)+ e 0.
1 1
Curl (g¢®g’) = ;g’®g9+ rtan¢g9®g¢’
Curl( ’® ¢) - ’'® ’+l ‘e g’
8§98 = rtan¢g 4 rg g,
1
Curl (g¢®g€) = —;(g’@gr+g¢®g¢)+ rtan¢g¢®gr’
1
Curl (g’®g") = —;g’@g"’— rtan¢g¢®g¢’
1 r r r
Cul (g0 g’) = -(g@g +g'®e"+ g'eg,
r rtan ¢
0 o of Voo r L o, o
Curl (g ®g) = rtanrpg ®g —;g ® g 5.2)

5.2. Computation of inc 7,,g" ® g" Let us first compute the curl of T =7,,8" ®
g’, by using the formulation

Curl (T;;g' ® g/)=VT;; x (g ® g’) + T;; Curl (g' ® g).
One has
CurlT = VT, x(g"®g)+T,Curl(g ®g
aq}Trr r 2] aHTrr

T
———geg+ mg’®g¢— %(g%g"—ge@g“ﬁ)- (5.3)
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Hence

Curl Curl' T =

incT

6¢T”r 6 r
V( )X (g'®g')+V(

p “yx(g’®g")

ne
Trr a Trr
V) x(g'eg g ®g’) - = Cul (¢’ ®¢))

0sT
7 si

0yT,

Trr
Curl (g% ® g") + —= Curl (g’ ® g7 - g% ® g%),

7 sin ¢ r
2T, o,T, 0yT s GZTW
__rr r® ro_ r&rr _ _ ¢ ® ¢
2 808 ( r r’tang s sin? (/’J)g o
3T, o.T 204T,
( ¢2 _Or rr}g9®g9+ ¢2 rrg,®g¢
r r r
20T, , o 2 09T,

+ = 9,04T, )8 0 g% (54
r2 sin ¢ r2sin ¢ tan ¢ 00sTr)8" 0 8. (5:4)
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5.3. Complete expression of the incompatibility Collecting (A.1) and all the
computations of the Appendix, one arrives at the general formula.

2T, (BT4p+T. 04T, 0,Typ 2T,
(GineT), = 2l (%Tes+Too  OsTos | OTes | 2Tes
r? r? sin ¢ r? tan ¢ r r?
6;ng N 28¢T09 N arTH(J B 26¢ (Tr¢ sin ¢)
r? 2 tan ¢ r r2 sin ¢
20,T, 2 (890sTse T,
B 69. o _ _ 60¢lg0  Oolgo ’ (5.5)
r2sing sing r2 r? tan ¢
arTrr a¢ T”’ 63 T"’ 2 26r T99
inc Mgy = - - - +(2Tgy + ——
(inc T)gg ( p Zang 7 sin? ¢) (0:Teo . )
4T, 0yT, T
o My (G0T | 960Tw) (5.6)
r? tan ¢ r2sing  rsing
T 4,T 20,T, 8,05Trs  3yT,
(inc Ty = [ - ”}+(63T¢¢+ ""”)—2( ‘ "’+¥)(5.7)
r r r r r
04T, 0,T 0,04T, 4,T, AT, 2T,
(inc T),y = oy ¢ 9766 66 | 07 4
r rtan ¢ r rtan ¢ r2sin’ ¢ r?
0y (0T ¢ Sin 040, T,
. s (Og 92 }) 4 909 Te0 (5.8)
r2 sin” ¢ rsin ¢
0o, 0,04T, | (8,00Ts 06T,
(incT)y = —t- Ly (“2"’—2”)
resing  rsing  sin¢ r r- tan ¢
0y \0sTrgsing) T T 20,Tyg  0,04T,
_ (¢. )+ o L 90 29700\ (59
r? sin ¢ r2  r2tan® ¢ rtan ¢
1 8T, 0,00Trs 0T,
(inc Ty = (ot = 0gdyTy) + |~ +
r-sin ¢ tan¢ rsing  r-sin¢

araq)TrG _ (9,T,g _ Ty N ag)Tre _ 83Tg¢ " ZarTqu .
r rtang  r2tan ¢ r?

5.4. Application: determining the dislocation-induced force in linearized
elasticity Before the conclusion, a simple application of our full expression will be
given.
Recall the general form of second-order free energy ¥ := W, (&) + W.( Curl' &, div &) +

Waisto(), Curl &, div &) + Wigio(&?). Let ¢.(u) = fg W.(Vu)dx and ¢gisio(F) =
fQ Waislo(inc F)dx. The Fréchet derivative of ¢, at u in the direction u reads
Dy (w)lu] = |, AVuVudx =~ [ div (AVa) - vdx, that is, by Riesz theorem [3], the
differential ¢, (u) := Dy (1) = f. Also, Dggiso(F)[V] = fg inc Wéislo( inc F) - Vdx
and we set G := ¢, (F) = inc Wi, (inc F) which is symmetric and divergence free.



[15] 14

Assume also that G is independent of £°. Now we would like to solve (2.8) with Q the
unit sphere, in the simplified case where A = aly, and taking G = ge ® g(’, that 1s, we
seek F such that inc (ainc F) =g’ ® g°.

The solution of inc T = g’ ® g’ is found by (5.7) as T(r)g" ® g" with T(r) =
—3r% + c. Moreover, by (5.5) F = F(r)g" ® g" is a solution with F(r) = 3-r* — 572
Uniqueness is obtained by imposing the natural homogeneous Dirichlet conditions F =
Curl' F x N =00ndQ,i.e., atr=1,thatis, forc = 1/2. Thus &° = —i(r2 -Hg'eg.
Now the displacement u is obtained by solving — div (AVu) = f + div (A&”), where
div (A&) = - (2r - %) g’ is aradial force due to the presence of dislocations.

6. Concluding remarks

In this note a method to compute the incompatibility operator in a system of
curvilinear components/coordinates is proposed. Moreover an in-extenso expression
of the incompatibility is given in the spherical system. It has been shown that the
incompatibility of the elastic strain is directly linked to the dislocation density of a
solid. Therefore in the first step, our method allows us to compute the energy related to
dislocations in spherical inclusions. In a second step, as done in two dimensions in [2]
our computations will allow us to optimize the location of these spherical inclusions in
the elastic solid with a view to minimizing or maximizing certain cost functionals and
to predict the creation of plastic regions, i.e., regions with high dislocation mobility
and strain incompatibility. In three-dimensions this will be the purpose of future work.

A. Other terms of the incompatibility
A.1. Computation of inc Tsg? ® g Let us compute the curl of 7 =Ty, 8’ ® g*.
One has
Curl T = VT4 X% (g’ ®g") + Ty Curl (g° ® g%)

r . Tos 1 ;
0Tyg’ g +—=(g" &g - mg(’@@g ).

1
0
OrTyg" @ 8" - rsin ¢
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Hence
t 0 ) 69T¢¢ r I
Curl Curtl' T = V(9,T4p) x(g"®8") - V(——) x (g’ ® g
rsin ¢
T,
+ V(ﬂ)x(gecz)g"’— — x(g’®g9)
r tan ¢

04T,
+  0,Tyy Curl (g’® g% - Trf:; Curl (g" ® g%)

T 1
+ % Curl (g’® g% - t—g’ ® g%,

an ¢
BTy + T, 8sT 0, Ty 2T,
incT = 0 ¢¢. 90 CUolos n ¢¢+ P gr®gr
r? sin ¢ r? tan ¢ r r2
20,T,
+ (PTyy + rr Vg’ ® g’
20, T, 20,00T,
+ rlop ¢ _ 7.9 ¢¢gr®g9_ (A.1)
rtan ¢ rsin ¢

A.2. Computation of inc Tgg’ ® g’ Let us compute the curl of 7 = Tyg’ ® g°.
One has
Curl T = VTyx(g’® g’ + Ty Curl (g°® g%

04T, T
= —8,ngg9®g¢+ - % 9® r+ﬂ(

—z g'og -g'eg.
r tan ¢
Hence,
t ¢ 6 6¢T99 r 6
Curl Curl' T = -V, Te)*x(g"®¢g")+ V(T) xX(g'og)
T 1
+ V() x(—g ®g" - g’ ®g") — 8,Tg Curl (g% @ g
r tan ¢
04T T, 1
+ 2% Cul (g ®g" + -2 Curl (—g" ® 2" — g% ® g),
r r tan ¢

inc T

(%TGG N 204T4p N 0, Tog

B B 20, T
—+ )g ®g + (02T +—")g"® g"
r r=tan ¢ r r

0,04T T
_ 2( olow 0 ‘99) "o g’
r rtan ¢
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A.3. Computation of inc 27,4g" © g? Let us compute the curl of T = 27,,8" © g*.
One has

Curl T = 2VT,4x(g" ©g" +2T,sCurl (g" 0 g%)
6¢T¢ 69T,¢ r r 89T,¢
= 0,Tsg'®g’+—"g'eg-—"gog+—g'eg’
rsin ¢ rsin ¢
0 1
= 7¢(2g eg'-g'eg + Tog'eg).
Hence,
Curl Cull T = V(©&,T,5)x(g"®¢") - vl (g ®g") - V(- o ”;>><<g’®g’>
89 re é 0
+ V(rS ¢)><(g ®g)+V( )><(2g ®g' -g'®g)
+ V() x(g'eg"
rtan ¢

+ 0Ty Curl (g'®g") - 0T "’Curl (" ®g" - ‘;Cuﬂ (g ®g)

T,y
? Curl (g ® g% + curlg’® g - g ®g")+ —2 Curl (g° ® ")

+
r sin ¢ rtan ¢
Try — Trs Ty
incT = -2 - "®g - ‘o g’
( r? r? tan ¢ 898 " 1) 88

99Ty 9sTrs\ o 0 GTry 2T
- R g o T o g?
( r r? £98 r2 sin® ¢ r? £08

84007, 0T, 0,0,T,s 00T,
2 (29T 00T ) o g0y o (900Tre | OiTre } o 00
rsing  r?sin ¢ tan ¢ rsing  r2sin¢

A.4. Computation of inc 27,yg" © g’ Let us compute the curl of T = 2T,yg" © g’.
One has

CurlT = 2VT,yx (g 0g" +2T,yCurl (g ©g%

9T 8T,
= - 9Tug e+ (g og -+ —n;g9®g¢

4 r r r r
—lg’e0g -2¢ ®g"’+—(g ®g -g'®g"|.
tan ¢

+
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Hence,

9r6

in ¢

Curl Curl' T

—V(BTre)X(g¢®g’)+V( )><(g g -g'eog+ V(i )% (g% ® g%

1
(g’®g"’ -2¢’0g + —¢(g’®g’ —g"’®g¢))

- 8Tr9Curl(g¢®g)+ “cul(g®g - g®g)+ 06T

Curl (g ® g%
sin ¢

¢(g ®g -g ®g¢))
09T, 090, T
ineT = -2 10 grger o2 | 209710) 06 g g¢
" Psing rZsing  rsing
2 (00T 0T
. 8007r6 , OoTro ) or ) g0
sin ¢ r? r? tan ¢
2
) 6¢Tr6 Trg Trg (9¢Trg r@ 0
2 2 Punle rPtang &
8,0, s 0T, T, 8T,
) plrg 0 6 +¢Hg"’®g0.
r rtang r?tan¢ r?

(g ®g’-2¢'0g *-

239 Ty

+

A.5. Computation of inc2T4g? © g Let us compute the curl of 7 =2T,g% ©
g?. One has

Curll T = 2VTyx (g’ 0 g") +2T4 Curl (g’ © g%
35T 6 . 04Ty ,
= 0, Twg'®g’ -g'0gh+—"g'eg - —g'og
rsin ¢
2
+ lgfeg-g'og’+—g’oyg . (A.2)

tan ¢
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Hence,

Curl Curl' T VO, Ty x (g ® g’ — g’ ® g%) + V( V% (2" ® g%)

0oT, 2
- V(—E)x(gegh+v(Z )x(g@g—g®g+ geg’

r sin ¢ tan ¢
0 0 b oy, 96Ton ooy 90T . e
+ 0,TpCurl (g°®g"-g’®g")+ —— Curl (g' ® g%) — ——— Curl (g' ® g")
r rsin ¢
T
+ 2 cul (g9®g9—g¢®g"’+—gr®g¢),
r tan ¢
2 (0904T 0yT, 0,0, T,
el = ——— 22+ |gog+2-—" g og
sin ¢ r2 r? tan ¢ ing
20,T, 0,04T 20, T,
2( 0, ¢9)g’®g9—2(63T9¢+ ¢6)g¢®g6
rtan ¢ r
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