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The Riemann ζ function

Definition

ζ : C→ C is the holomorphic function defined for <(s) > 1 by the
(locally uniformly convergent) Dirichlet series

ζ(s) =
∞∑
n=1

n−s .

extending meromorphically to the complex plane with a simple pole
at s = 1.

Theorem (Euler product)

For <(s) > 1,

ζ(s) =
∏

p prime

1

1− p−s
.
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The functional equation (Riemann)

Theorem (Functional equation)

For all s ∈ C \ {1}

ζ(s) = 2sπs−1 sin(πs/2)Γ(1− s)ζ(1− s),

where Γ is the (well-known) Gamma function.

This is an identity between meromorphic functions which, carefully
interpreted, allows for the meromorphic extension of ζ to the
complex plane.

It determines ζ(s) from ζ(1− s), i.e. by reflection on the critical
line s = 1/2.

Note: more general ζ functions may be constructed from Dirichlet
series of multiplicative functions (e.g. characters), as L−functions.
They satisfy an Euler product and functional equation.
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The zeros of the ζ function

The ζ function os zero-free on the half-plane <(s) > 1 and, from
the functional equations, has simple zeros at z = −2n, n ∈ N.
These are the trivial zeros.
All other zeros must lie of the critical strip 0 < <(s) < 1.
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The Riemann Hypothesis (RH)

Conjecture (Riemann Hypothesis)

All the non-trivial zeros of ζ lie on the critical line <(z) = 1/2.
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A bit of history

The RH is proposed as a side remark in his 1859 paper On the
number of primes under a given magnitude (12 pgs, German,
available on the web)

Riemann computed the first three roots. Since then, much
analytical and numerical work (Hardy, Gram, Titchmarsh,
Turing, Lehmer...) on zeros. One counterxample would of
course destroy RH.

There are infinitely many zeros on the critical line.

The first 1013 zeros lie on the critical line.

Many clumps of billions of zeros up to 1024 lie on the critical
strip.

More than 5/12 of the zeros on the strip are on the critical
line (2019).
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Where does RH come from?

The staircase of primes (π(x) = number of primes ≤ x).
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The Prime Number Theorem

The prime number theorem (Li(x) =
∫ x
2 1/ log t dt.)
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Riemann’s explicit formula

In his 1859 paper Riemann starts by defining an alternate prime
counting function

Π(x) = π(x) +
1

2
π(x1/2) + · · ·+ 1

n
π(x1/n) + · · ·

from which π(x) may be recovered by Möbius inversion

π(x) = Π(x)− 1

2
Π(x1/2) + · · ·+ µ(n)

n
Π(x1/n) + · · ·

Theorem (Riemann’s explicit formula)

Π(x) = Li(x)−
∑
ρ

Li(xρ)− log 2 +

∫ +∞

x

dt

t(t2 − 1) log t
,

where the sum is over the zeros ρ of the ζ function.
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Riemann zeros and oscillatory behaviour

In Riemann’s explicit formula

Π(x) = Li(x)−
∑
ρ

Li(xρ)− log 2 +

∫ +∞

x

dt

t(t2 − 1) log t

the principal term Li(x) is the smooth, monotonic asymptotic
term from the PNT;

in the second term, each term in the summation has an
oscillatory nature since ρ are strictly complex;

the third term is constant and the fourth term vanishes as
x →∞.

Thus the zeta zeros contribute with a “Fourier-like” series of
oscillatory correction terms yielding an exact formula for the
primes.
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Summing a series in zeta zeros, 1

The Riemann formula with 35 zeta zeros.
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Summing a series in zeta zeros, 2

The Riemann formula with 100 zeta zeros.

Convergence to Riemann’s Π(x) (animation).
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http://empslocal.ex.ac.uk/people/staff/mrwatkin/zeta/pianim.htm


Why is the RH so important?

The distribution of primes is “best possible”

Literally hundreds of results in Number Theory follow from
RH (are proved conditionally to RH)

Many problems are equivalent to RH

Generalized RH (for L-functions) have an enormous wealth of
consequences for other fields of Mathematics as well

The RH appears in unexpected, apparenty unrelated contexts.
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Spectral interpretation of RH 1

By Fourier transforming the distributional density of (an
appropriate version of) Riemann’s counting function we obtain

F (t) = −
∑
pn

log p

pn/2
cos(t(log(pn))).

This has its spectrum precisely at the zeros of the ζ function.

(from Mazur and Stein)
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Spectral interpretation of RH 2

Conversely, subject to RH the Fourier-like series

G (s) = −
∑
i

cos((log(s)ρi )),

where ρi is the i−th zero of ζ, converges to the corresponding
distribution concentrated at the primes and prime powers.

(from Mazur and Stein)

This duality breaks down if RH is false.
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Random matrix theory

Hilbert-Polya conjecture: the imaginary parts of the zeros of the ζ
function are eigenvalues of an unbounded self-adjoint operator.

H. Montgomery (1972): the pair correlation function between zeros

of the zeta function behaves asymptotically as

(
1−

(
sin(πx)
πx

)2)
.

F. Dyson pointed out that this correlation is that of the
eigenvalues of random Hermitian matrix theory...

Jorge Buescu CMAFCIO and FCUL, Portugal CMAFCIO Open Meetings 9th September 2020(Un)conventional approaches to the Riemann Hypothesis



Random matrix theory

Hilbert-Polya conjecture: the imaginary parts of the zeros of the ζ
function are eigenvalues of an unbounded self-adjoint operator.
H. Montgomery (1972): the pair correlation function between zeros

of the zeta function behaves asymptotically as

(
1−

(
sin(πx)
πx

)2)
.

F. Dyson pointed out that this correlation is that of the
eigenvalues of random Hermitian matrix theory...

Jorge Buescu CMAFCIO and FCUL, Portugal CMAFCIO Open Meetings 9th September 2020(Un)conventional approaches to the Riemann Hypothesis



Random matrix theory

Hilbert-Polya conjecture: the imaginary parts of the zeros of the ζ
function are eigenvalues of an unbounded self-adjoint operator.
H. Montgomery (1972): the pair correlation function between zeros

of the zeta function behaves asymptotically as

(
1−

(
sin(πx)
πx

)2)
.

F. Dyson pointed out that this correlation is that of the
eigenvalues of random Hermitian matrix theory...

Jorge Buescu CMAFCIO and FCUL, Portugal CMAFCIO Open Meetings 9th September 2020(Un)conventional approaches to the Riemann Hypothesis



Random matrix theory

...and of spectra of atomic nuclei, where the repulsion is of
fermionic origin.

1-D distributions with different statistics, from Hayes.
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Random matrix theory

In the 1990s, A. Odlyzko showed numerically that the zeta zero
distribution follows to an incredible extent that of the Gaussian
Unitary Ensemble (GUE).
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Holomorphic PDFs, strip of holomorphy

f is said to be a positive-definite function (PDF) if:

n∑
j ,k=1

f (zj − zk) ξjξk ≥ 0

Example: extensions of characteristic functions from probability.
A real-analytic PDF f : R→ C extends holomorphically to a maximal

horizontal strip of the complex plane

Sα,β = {z ∈ C : −α < =(z) < β}

via the extension of the Bochner representation

f (z) =

∫ +∞

−∞
e itz dµ(t).

This strip is bounded by poles on the imaginary axis.
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co-PD functions

Analogously, we say g is a co-PD function if

n∑
j ,k=1

f (zj + zk)ξjξk ≥ 0.

Theorem (BPS 2015)

A function g defined on a vertical strip Ta,b) is a holomorphic

co-PDF if and only if g =
∫ +∞
−∞ e−ztdµ(t), where µ is an

exponentially finite positive measure with respect to the interval
I =]a, b[. The measure µ is unique.
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co-PDF approaches to RH

The ζ function is co-PDF on the half-plane <(s) > 1, but not on
any larger set. So the critical strip is not included and our methods
do not apply directly.

However, each of the functions

Z (s) = ζ(s)/s

ξ(s) = π−s/2Γ(s/2)ζ(s) (Riemann ξ function)

θ(s), Jacobi θ function

is holomorphic co-PDF on the critical strip, and their zeros
coincide with those of the ζ function on the strip.

ξ is a “symmetrized” version of zeta, introduced by Riemann himself, and
satisfying the functional equation ξ(s) = ξ(1− s).
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A co-PDF sufficient condition for RH

On the critical strip, for fixed σ ∈ (0, 1), f (σ + it) is a PDF for any
of the above functions. None of them can be an infinitely divisible
(ID) PDF for any σ (this would imply RH, but it is simply false).
However:

Theorem (B-Paixão 2020)

If for f equal to any of the functions Z , ξ or θ it is true that
f (σ + it) is a quasi-ID PDF for every σ ∈ (1/2, 1), then the
Riemann Hypothesis is true.
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And finally...

THANK YOU

FOR YOUR ATTENTION!
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