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The Laplacian

Some prototypical partial differential equations (PDEs):

0 0?
87;3 = kaig (heat equation), kK > 0

X

0? 0?
871;] = C287xl2l (wave equation), ¢ > 0

(plus boundary and initial conditions) in an interval / x [0, c0)
where

d
0%u
Au= Z Ox?
i=1 !
is the Laplacian (trace of the Hessian) in the x = (x1,...,xq)

(space) variables. Typical Ansatz: separation of variables /
abstract Fourier series: solve the elliptic PDE

—Au=MAu in

plus boundary conditions, then superpositions give the general
solutions of the heat and wave equations.
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The Laplacian
Solve/understand the Helmholtz equation
—Au=Au in Q c RY

subject to boundary conditions
o u =0 on 0Q: Dirichlet (first kind),
fixed membrane/temperature
° % =0 on 9Q: Neumann (second kind),
free membrane/perfect insulation (no flux)
o 9% + (1 —0)u =0 on 0R2: Robin (third kind), elastically
supported membrane/imperfect insulation (6 € (0, 1))

Rewrite (and generalise) the Robin boundary condition:

@—l-au:O on 09,
ov

where a € R, or C, or a: 9 — R or C is a function.
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-e Laplacian with Robin boundary conditions

—Au=\u in Q c RY
Qu +au=0 on 02
ov
o a=0: Neumann; "a = 400" (and “a = —00"?): Dirichlet

o Problem can't generally be solved explicitly (even Dirichlet
and Neumann only for a few special domains)

o Today: keep things simple(r), a € R (mostly)

Understand how the solutions (eigenvalues A and eigenfunctions u)
depend on:

o The parameter q;

o The domain Q and its “geometry”.
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-ase: 1D, dependence on o € R

—u" = \u in (0,1)
—u'(0) + au(0) =0
J(1) 4+ au(l) =0

Eigenfunctions are linear combinations of sin(v/Ax) and cos(v/Ax),
use boundary conditions to obtain:

A eigenvalue <= a? +avAcot(VA) — A = 0.

Note: for each problem, i.e. each fixed «, there will be a sequence
of eigenvalues
AM< <3<, 54+

(use the spectral theorem).
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-—l—a\/Xcot(\/X) — =0

A Observations:

e @ ) varies smoothly

with o

367

@ The eigenvalues are
monotonically
increasing in «

@ o = 0: Neumann,
o — +00:
convergence to
Dirichlet from below

90 o — —00:
convergence to
Dirichlet from above
BUT d divergent

-30 0 50 eigenvalues

:,
A
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The case of general Q C R?

—Au=)\u in Q c RY
0
au +au=0 on 0%,
v
a € R. Self-adjoint operator on L?(Q) with compact resolvent,
eigenvalues \; < A < ... — +o0.

Theorem (folklore)

Let Q ¢ R be a bounded domain with sufficiently smooth
boundary and a € R. Then

o Each eigenvalue )\, is a piecewise analytic function of a (there
may be crossings of curves);

@ Each eigenvalue ), is a monot. increasing function of «;

o As a — 400, A\, converges to the n-th eigenvalue of the
Dirichlet Laplacian from below;

o As a — —oo d sequence of eigenvalues diverging to —oo.

v
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-encurves for the unit disk

(a1)?
(ji12)*
(J31)*

;.9

Jn.2):
((];;.lgz
(j1,)?
(jo.1)?

=50 0 50
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The case of general Q C R?

Ingredients of the proof

@ Smoothness: analytic perturbation theory of Kato.

o The weak form of the eigenvalue equation: (\, u) eigenpair iff

/Vu-Vv—i—a/ uv:)\/ uv
Q o0 Q

for all test functions v € H(Q).

@ Min-max characterisation of the eigenvalues, e.g.

e iy dalVePralns
0£ueHL(R) Jou

_ (U, —Au)2(q)
0£ueH(Q) ||U||%2(Q)

v
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The asymptotic behaviour as o — —o0

Vul? + « u?
N\ R
0£ueH () Jou
Necessarily A1 < 0 if @ < 0, and in 1D we expect exponentials in
place of trig functions (—u” = Au, A < 0).

General principle

2

The divergent eigenvalues behave like A ~ —a“ as o — —o0.

Intuitively: u(x) = e** eigenfunction of
—u"(x) = —a?u(x) in (0,00)
—u'(0) + au(0) = 0.

On general domains there exists a sequence of eigenfunctions
concentrating exponentially (like €*) near the boundary.
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The asymptotic behaviour as o — —o0

Theorem (Test function argument, Giorgi—-Smits 2007)
fQcRYisa Lipschitz domain, then A1 < —a? for all a < 0.

Theorem (Lacey—Ockendon—Sabina 1998, Lou—Zhu 2004,

Levitin—Parnovski 2008)

o0 If Q c R?is CY, then A\; = —a? + o(a?) as a — —oo.

o If Q C R? is piecewise smooth with “model corners”, then
A1 = —Ca? + o(a?) for some C > 1 which is larger for
“pointier” corners.

Theorem (Daners—K. 2010)
If @ c R is C1, then for each n € N,

An = —a? 4 o(a?) as a — —o0.

V.
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Since ca. 2013: More terms in the asymptotic expansion for Q
smooth and for 2 with “corners”. For smooth €:

2014 | Exner—Minakov—Parnovski | (3 — €)-term asymp-
totic expansion, 2D
2015 | Freitas—Krejcitik 3-term asymp exp
for some domains
2015/6 | Pankrashkin—Popoff 3-term, general dim
2017 | Kovarik—Pankrashkin p-Laplacian, A\
2017 | Helffer—Kachmar n-term, general dim
2019 | Bogli-K.—Lang 1-term, a € C

For Q with model corners or conical:

Helffer—Pankrashkin (2015), Bruneau—Popoff (2016), Pankrashkin
(2016), Khalile—Pankrashkin (2018), Khalile (2018),
Khalile-Ourmiéres-Bonafos (2018), Kovarik—Pankrashkin (2019), ..
Also: links to Schrdodinger operators with potentials supported on a
lower dimensional manifold (d-potentials), works of Exner and co.;
links to magnetic Laplacians, WKB approximations, ..
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The dependence of the eigenvalues on 2
Dirichlet problem

—Au=M\u in Q c RY,
u=20 on 01,

write 0 < A\1(Q) < \2(Q2) < ... for the eigenvalues.

Theorem (Faber—Krahn, 1920s/conjecture of Lord Rayleigh)

Q c RY bounded domain, B ball of the same volume. Then
A () > M(B)

with equality iff Q is a ball (up to a negligible set).

o Analytic version of the isoperimetric inequality: |0Q2| > |0B].
@ Physically: circular drums have the lowest fundamental

frequencies; “generically speaking”, rate of diffusion in a body
is slowest if the body is spherical.
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The dependence of the Robin eigenvalues on 2

Now write A1(2, ) < X2(2, ) < ... for the eigenvalues of the
Robin Laplacian on Q.

Theorem (Bossel-Daners)

Q c RY bounded, sufficiently smooth domain, B ball of the same

volume, o > 0 fixed.
A1(2) = Ai(B)

with equality iff Q is a ball (up to a negligible set).

o Sketch of proof in 2D Bossel (1986), general case Daners
(2006), characterisation of equality Daners—K. (2007), less
regularity Bucur—-Daners (2010), Bucur—Giacomini (2010,
2015)

o Higher eigenvalues, including numerics and/or negative a:
various authors since 2008
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Divergence from the Weyl asymptotics

Q C R? bounded domain of area |Q|, with |0Q| sufficiently
smooth, a € (—o0,+00]. Then

4mtn

An =
12/

+ O(n*/?) as n — oo.

N
| A\

Pdlya's conjecture

In the Dirichlet case, for all n € N,

4dmn
> —.
An(Q) = |Q|

In particular, the minimal values infq. q|—a An(€2) should also
satisfy the Weyl asymptotics.
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Observation (Antunes—Freitas—K., 2013)

Let B, be the disjoint union of n balls of area A/n each and fix
a > 0. Then

An(Bnya) = C(A)nY? + o(n'/?)  as n — oco.

Model case: rectangles (convex domains) and unions of rectangles.

Theorem (Freitas—K., 2019)

Among all rectangles Q2 of fixed area, for each fixed o > 0

inf A\, ~ n2/3;
Q
among all unions of rectangles Q of fixed area,
inf A\, ~ nl/2.
Q

Moreover: for each «, for n large enough the minimiser is always
the disjoint union of n equal squares.

v
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For more information (electronic version open access!):

D. Bucur, P. Freitas and J. Kennedy, Chapter 4: The Robin
Problem in A. Henrot (ed), Shape optimization and spectral
theory, De Gruyter Open, Warsaw—Berlin, 2017

Muito obrigado pela atencao! |

The eigenvalues of the Robin Laplacian: a survey



References

o P.R.S. Antunes, P. Freitas and J.B. Kennedy (2013),
Asymptotic behaviour and numerical approximation of optimal
eigenvalues of the Robin Laplacian, ESAIM Control Optim.
Calc. Var. 19:438-459.

o S. Bogli, J.B. Kennedy and R. Lang (2019), On the
eigenvalues of the Robin Laplacian with a complex parameter,
preprint, arXiv:1908.06041.

o M.-H. Bossel (1986), Membranes élastiquement liées:
Extension du théoréme de Rayleigh—Faber-—Krahn et de
Iinégalité de Cheeger, C. R. Acad. Sci. Paris Sér. | Math.
302:47-50.

@ V. Bruneau and N. Popoff (2016), On the negative spectrum
of the Robin Laplacian in corner domains, Anal. PDE
9:1259-1283.

@ D. Bucur and D. Daners (2010), An alternative approach to
the Faber—Krahn inequality for Robin problems, Calc. Var.
PDE 37:75-86.



References

o D. Bucur and A. Giacomini (2010), A variational approach to
the isoperimetric inequality for the Robin eigenvalue problem,
Arch. Ration. Mech. Anal. 198:927-961.

o D. Bucur and A. Giacomini (2015), Faber—Krahn inequalities
for the Robin-Laplacian: a free discontinuity approach, Arch.
Ration. Mech. Anal. 218:757-824.

o D. Daners (2006), A Faber—Krahn inequality for Robin
problems in any space dimension, Math. Ann. 335:767-785.

o D. Daners and J. Kennedy (2007), Uniqueness in the
Faber-Krahn inequality for Robin problems, SIAM J. Math.
Anal. 39:1191-1207.

@ D. Daners and J.B. Kennedy (2010), On the asymptotic
behaviour of the eigenvalues of a Robin problem, Diff. Int.
Equ. 23:659-669.

o P. Exner, A. Minakov and L. Parnovski (2014), Asymptotic
eigenvalue estimates for a Robin problem with a large
parameter, Port. Math. 71:141-156.

James Kennedy The eigenvalues of the Robin Laplacian: a survey



References

o P. Freitas and J.B. Kennedy (2019), Extremal domains and
Pélya-type inequalities for the Robin Laplacian on rectangles
and unions of rectangles, Internat. Res. Math. Not., available
online.

with negative boundary parameter, Adv. Math. 280:322-339.

o T. Giorgi and R. Smits (2007), Eigenvalue estimates and
critical temperature in zero fields for enhanced surface
superconductivity, Z. Angew. Math. Phys. 58:224-245.

o B. Helffer and A. Kachmar (2017), Eigenvalues for the Robin
Laplacian in domains with variable curvature, Trans. Amer.
Math. Soc. 369:3253-3287.

o B. Helffer and K. Pankrashkin (2015), Tunneling between
corners for Robin Laplacians, J. London Math. Soc.
01:225-248.

o M. Khalile (2018), Spectral asymptotics for Robin Laplacians
on polygonal domains, J. Math. Anal. Appl. 461:1498-1543.

James Kennedy The eigenvalues of the Robin Laplacian: a survey



References

o M. Khalile and T. Ourmiéres-Bonafos (2018), Effective
operators for Robin eigenvalues in domains with corners,
preprint, arXiv:1809.04998.

o M. Khalile and K. Pankrashkin (2018), Eigenvalues of Robin
Laplacians in infinite sectors, Math. Nachr. 291:928-965.

o H. Kovafik and K. Pankrashkin (2017), On the p-Laplacian
with Robin boundary conditions and boundary trace theorems,
Calc. Var. PDE 56:49.

o H. Kovatik and K. Pankrashkin (2019), Robin eigenvalues on
domains with peaks, J. Differential Equations 267:1600-1630.

o A.A. Lacey, J.R. Ockendon and J. Sabina (1998),
Multidimension reaction diffusion equations with nonlinear
boundary conditions, SIAM J. Appl. Math. 58:1622-1647.

o M. Levitin and L. Parnovski (2008), On the principal
eigenvalue of a Robin problem with a large parameter, Math.
Nachr. 281:272-281.

James Kennedy The eigenvalues of the Robin Laplacian: a survey



References

o Y. Lou and M. Zhu (2004), A singularly perturbed linear
eigenvalue problem in C' domains, Pacific J. Math.
214:323-334.

o K. Pankrashkin (2016), On the Discrete Spectrum of Robin
Laplaciansin Conical Domains, Math. Model. Nat. Phenom.
11:100-110.

o K. Pankrashkin and N. Popoff (2015), Mean curvature bounds
and eigenvalues of Robin Laplacians, Calc. Var. PDE
54:1947-1961.

o K. Pankrashkin and N. Popoff (2016), An effective
Hamiltonian for the eigenvalue asymptotics of the Robin

Laplacian with a large parameter, J. Math. Pures Appl.
106:615-650.

James Kennedy The eigenvalues of the Robin Laplacian: a survey



